The spheroidal wave equation is shown to playa fundamental role in Laplace's tidal equations. For standing waves and inertial waves the first exact analytical solutions of the tidal equations are obtained. The asymptotics of spheroidal wave functions provide an estimate for the domain of validity of the .8-plane approximation in physical and wave number~.
The spheroidal wave equation is shown to playa fundamental role in Laplace's tidal equations. For standing waves and inertial waves the first exact analytical solutions of the tidal equations are obtained. The asymptotics of spheroidal wave functions provide an estimate for the domain of validity of the .8-plane approximation in physical and wave number~.
The wave number space of the tidal equations is separated at the inertial frequency into a low-frequency domain, where modes are governed by the .8-plane mode number and a high-frequency domain, where gravity waves are no longer labeled by the .8-plane mode number.
PACS numbers: 91.l0.By, 91.10.TI covariant differentiation. For details of the notation and the form of the geometrical tensors in sphericaI. geophysical coordinates see [4] . The linearized equations of motion of a shallow fluid on a rotating sphere are shown in [4] to assume the form dtT + j";" = 0, dtj" + E"",fj'" + c2dnT = 0, where j" = Rv" is the effective momentum density, R the constant equilibrium mass per unit area, and f = w. sincp the latitude dependent Coriolis parameter. For the potential vorticity z, defined by Rz = E""'V";,,, -fr/R, the linearized equations of motion imply the relation RdtZ + fnvn = 0, where f" is the contravariant gradient of the Coriolis parameter. Furthermore, the gradient of the divergence of a vector on the spherical surface is given by J ;an = g V,,;ab -ElidE Jr;~b -amb"J , where g-ab is the metric and Gamb" the Riemann1an [4] . Using this identity and the potential vorticity equation it is fairly straightforward to derive the system
[(o~ + r -~4)ot + c2E-jbO.]r --2R2jOtZ
Laplace's tidal equations, governing the small amplitude dynamics of a shallow fluid on a rotating sphere, are the fundamental linear problems of large-scale geophysical fluid dynamics. Originally formulated by Laplace, its general solution and, in particular, its full dispersion relation are still not known. The cwrent understanding of the problem rests essentially on the equatorial ,B-plane approximation [1] and extensive numerical studies [2] . In this framework the system has been found to exhibit Rossby waves, Yanai waves, and gravity waves, including the Kelvin wave.
In spite of its elegance and fundamental significance for the terrestrial climate problem, the .a-plane concept is not entirely free from ambi~ties. Although the Matsuno wave equation appears to be a well-posed problem, its dispersion relation admits an unphysical, westward propagating "Kelvin" mode. This has to be ruled out a posteriori [1] . Furthermore, the .a-plane concept does not yield a physically meaningful nonrotating limit. And finally, the Matsuno equation is invariant under meridional translations. Yanai waves should thus be observed at all latitudes and every latitude defines the center of a waveguide. Such properties are not physically ~Jiz:I)J)le.
On the other hand, the analysis of the spherical version of the tidal problem is complicated. FIrst, the manipulation of the first order equations of motion into an appr0-priate wave equation is cumbersome, namely because the two-dimensional (2D) geometry of the spherical surface is non-Euclidean. Second, as shown below, the basic wave operator in the various forms of the tidal problem is the spheroidal wave equation. For this equation, infinity is an irregular singular point precluding the establishment of recurrence relations similar to those for functions of the hypergeometric type [3] . The transformation of differential operations in physical space into some simpler algebra in wave number space is thus impossible.
G~ometrical difficulties are largely simplified by a systematic application of tensor analysis in 2D Riemann space. Here, index notation will be used with indices m, n, . .. nmning from 1 to 2 and a semicolon denoting (2) with the contravariant gradient of the Conolis parameter yields (la). Equation (2) as well as the coupled nature of the system (1) demonstrate that the tidal equation is inherently a 2D vector wave equation. In order to evaluate the eigenfunctions of this system. the dependent variables are assumed to be proportional to e-i(~t-MA) F(y), where A is longitude, y = sincp, and M the zonal wave number. Substituting this into (1), the system becomes
Here D=r/R--ivn;ft/lII and V=aRz/c=-iav~x cp/cv, while responding divergence becomes D -oy(I -y2)1/2(ASl + BSi:1). (5) A closed expression for the eigenvalues of the spheroidal wave eqUation does not exist and approximations depend strongly on the value of the Lamb parameter. On Earth, the value of the Lamb parameter ranges from a-I for the abnospheric Lamb wave, over a -5 for barotropic gravity waves in the ocean to a -300 for the first baroclinic mode in the ocean. For a2 « 1, spheroidal wave functions are approximated by expansions in teImS of associated Legendre polYnominals, and the dispersion relation for standing waves becomes to O(a2) [3, 5] ,,2 = A2 + a2(2A2 -3)/(4A2 -3), (-1, 1) . With the inclusion of higher orders in a and I/a, respectively, the dispersion relation (6) and the corre:sponding expansion of the spheroidal wave function pennit the construction of Fig. 1 and Fig. 7 of [2] to an arbitrary degree of accuracy from [5] . The asymptotic expansion of (4a) pr0-vides an estimate of the domain of validity of the .8-plane approximation in physical and wave number space. For low frequencies ,,2 « M2, the first order Taylor expansion of the denominator on the ri1s of (4a) is justified and yields While the original frequency restriction ,,2 «M2 admits Rossby waves only, the additional restriction to low latitudes also allows for low-frequency gravity waves in this approximation. The equatorial nature of these asymptotics is obviously not compatible with a "midlatitude p plane," while the large a condition rules out a nonrotating limit. The p-plane approximation essentially neglects the coupling of Eqs. (3a) and (3b). In the full tidal vector equation it is this coupling that excludes the "wrong Kelvin wave" a priori.
A second special, but exact solution can be obtained for inertial waves. At the inertial frequency" = a, (4b) has the exact solution [3] (1 -y2)1/2St'(y;a2 = E) -e-iay.
For given mOOe number No, (8b) has two solutions:
with No = L -IMI. The eastward propagating "Rossby" solutions of this dispersion have to be discarded. as they do not satisfy the defining inequality. On the other hand, the gravity solutions including the KelVin wave satisfy this inequality. As a consequence of the positive sign of the last tenD. westward phase speeds are larger than eastward speeds. This is in agreement with the exact solution (8).
The wave number space of the tidal equation is thus separated at the inertial frequency" = a into a lowfrequency domain. where modes are governed by N2 and a high-frequency domain with gravity modes controlled by No. This is the mode number that survives the transition to the nonrotating case. As indicated by the inequality (9), rotation leads primarily to the loss of this symmetry for gravity modes. At lower frequencies, additional Rossby modes emerge in rotating systems, which can no longer be ~mmodated by No. Hence, the mode number No governs that domain of wave number space, where rotation merely modifies modes already existing in the nonrotating case. The transition between mode numbers is only possible due to the vector character of the tidal equation. On Earth, this higbfrequency domain of wave number space is occupied by Lamb waves and barotropic gravity waves, which are of minor significance on larger scales. The atDlOSphere of Venus, on the oilier hand, is characterized by much lower values of the Lamb parameter, and gravity waves with " ~ a gain greater relevance for large-scale aspects of the circulation.
The concept of covariant differentiation renders the derivation of wave equations from the equations of motion fairly straightforward. The prolate spheroidal wave operator assumes a centtal role in these vector wave equations. For the first time since Laplace's formulation of the problem. exact analytical solutions are presented in the special cases of standing waves and inertial waves. These solutions confirm corresponding numerical calculations, while the asymptotics of the spheroidal wave equation for equatorial, baroclinic, low-frequency waves yield indeed ilie p-plane approximation. Furthermore, the results demonstrate a fundamental separation of the wave number space of the tidal equation at the inertial frequency. At higher frequencies, the mode number No controls the dispersion of gravity waves. which experience rotation effects merely as a loss of symmetry with respect to M -o. For a corotating observer westward 1 _I 1 ME!... -2 :t; Va2 -aq + p + ...
with IMwl = ME -1 < ME.
The same inequality is found from (Sa). In contrast to the p-plane approximation, modes in this frequency domain are labeled by No, and the phase speed of eastward propagating gravity waves is smaller than the westward speed at the same frequency and mode number. At high frequencies 1/2 » a2, the approximation of (4b) by propagating gravity waves at these frequencies are faster and longer than their eastward counterparts. At low frequencies the dispersion of additional Rossby modes is incorporated by transition to the mode number N2.
This transition is primarily possible due to the vector character of the tidal problem. It can be expected that in the framework of the complete analytical theory of the tidal equation the angular momentum of eigensolutions, measured by the degree L, will be essential for this separation of the wave number space.
